We let MA(G) denote the space of multipliers of A(G), i.e. cp E MA(G) if and only if cp$ E A(G) for all $ E A(G). For cp E MA(G) the map is a bounded operator on A(G) and we put 11 cp 11 MA(G) = 11 m , 11 . The transposed operator M, = m: is a a-weakly continuous operator on X ( G ) = A(G)* for which We say that cp E MA(G) is a completely bounded multiplier if M, is a completely bounded operator on X ( G ) and we put (The complete bounded norm of M, is defined by where in denotes the identity of the C*-algebra of complex n X n-matrices). In Section 1 it is shown that cp E MoA(G) if and only if cp X lHE MA(G X H) for every locally compact group H and In fact the supremum is attained for H = SU(2) (cf. Thm. 1.6). It is not clear whether MoA(G) can be a proper subset of MA(G). However, it follows from the results of Section 4, that the MA(G)-norm and the MoA(G)-norm do not always coincide (cf. Corollary 4.9).
If G is an amenable locally compact group, then MA(G) = MoA(G) = B(G) and the three corresponding norms coincide. In Section 2 we prove that MoA(G)\B(G) # 0 (hence also MA(G)\B(G) f 0) for a number of non-amenable connected locally compact groups. The starting point of our investigation is the following result due to M. Cowling [a] : If n is a uniformly bounded representation of a locally compact group on a Hilbert space X, then all the coefficients of a are contained in MA(G) and
We show that in fact p E MoA(G) with the same upper bound 11 n 11 11 4 11 11 7 11 for the MoA(G)-norm. Moreover we prove that if the representation n is cyclic and not similar to a unitary representation, then at least one of the coefficients of n is contained in MoA(G)\B(G). Such uniformly bounded representations are known to exist for the classical complex simple Lie groups SL(n, C), n r 2, SO(n, C), n r 5, Sp(n, C), n 2 2 and for the generalized Lorentz groups SOo(n, I), n 2 2, (cf. [21] , [22] , [25] ). Hence for these groups and for every locally compact group having a quotient isomorphic to one of these groups MoA(G)\B(G) f 0. Recently, C . Nebbia [26] has proved that for every discrete non-amenable group MA(G)\B(G) f 0. Unfortunately, his arguments do not apply to the question whether MoA(G)\B(G) f 0 for these groups.
It is well known that a locally compact group is amenable if and only if A(G) has a bounded approximate unit (cf. [24] ). In [17] it was shown that the Fourier algebra of F2 (the free group on two generators) has an unbounded approximate unit, which is bounded in the MA(G)-norm. In Section 3 we generalize this result to any closed subgroup of SOo(n, 1) and show that for these groups the approximate unit can be chosen to be bounded in the MoA(G)-norm. By a simple duality argument we conclude that the reduced C*-algebra Cf(G) of every discrete subgroup G of SOo(n, 1) has the "completely bounded approximation property," i.e. there exists a sequence (Sk) of finite rank operators on Cf(G) such that l l S k 11 CB 5 1 and lim IISkx -x 11 = 0 v x E Cr(G).
In particular Cf(F2) has this property. R. Archbold has pointed out to us that this proves that Cf(F2) is a non-nuclear C*-algebra which has the slice map property (see Corollary 3.12) .
In Section 4 we study the class of multipliers of A(G) for which M, = rn; is a positive (resp. n-positive) linear map on the von Neumann algebra 3n(G). We prove that for each fixed n E N, the Fourier algebra of F2 has an approximate unit consisting of n-positive multipliers. Again by a duality argument it follows that Cf(F2) has the "n-positive approximation prop-erty," i.e. for fixed n E N, there exists a sequence (Tk) of n-positive finite rank operators of Cf(F2) such that Tk(1) = 1 and lim IITkx -xII = O v x e C f ( F 2 ) .
The operators cannot be chosen completely positive, because Cr(F2) is non-nuclear (cf. [23] and [S] ).
The main part of the present research was carried out while the first author was visiting Odense University for 6 months in the Spring of 1980. The results concerning the reduced C*-algebra of the free group on two generators were announced in [19] .
Multipliers and completely bounded multipliers of A ( G )
. Let G be a locally compact group. Let C*(G) l x the C*-algebra of G and let Cf(G) denote the reduced C*-algebra of G (cf. [lo, Section 13.9 and Section 18.31). By Eymard [13] the dual space of C*(G) can be identified with the space B(G) = span P(G) of linear combinations of continuous positive definite functions on G and the dual space of Cf(G) can be identified with the space BA(G) = span PA(G) of linear combinations of positive definite functions weakly associated with the left regular representation X of G.
Moreover the predual of the von Neumann algebra X ( G ) associated with the left regular representation of G can be identified with a certain subspace A(G) of BA(G) called the Fourier algebra of G. When B(G) is equipped with the dual norm from C*(G), it becomes a Banach algebra with respect to pointwise multiplication, and BA(G) and A(G) are closed ideals in B(G). The norms on BA(G) and A(G) inherited from B(G) are compatible with the dualities Cf(G)* = BA(G), A(G)* = X(G). We will use freely the properties of B(G), BA(G) and A(G) described in Eymard's paper [13] without further references.
1.1. Definition. Let G be a locally compact group. A complex valued function cp on G is called a multiplier of the Fourier algebra A(G) if
Note that a multiplier of A(G) is necessarily a continuous function. It follows easily from the closed graph theorem that for every multiplier cp of A(G) the map 
Proof.
( 1 ) (2) .The transposed operator of m , is a a-weakly continuous operator M, on X ( G ) = A(G)*. By the duality between X ( G ) and A ( G ) ,we have
Hence for all $ E A ( G ) :
Therefore Since {X(x) Ix E G } spans a a-weakly dense set in 3n(G), M , is the only a-weakly continuous operator on X ( G ) with this property. and since a a-weakly continuous map on X ( G ) is norm bounded, p is a bounded function on G . Since 
1.3.
Definition. In the following, we let m, (resp. m,, M,, a , )
denote the operators on A(G) (resp. BA(G), 3n(G), Cf(G)) which one can associate to an element cp E MA(G) by Proposition 1.2. Specifically m,$ = cp$ for $ E A(G), m, is the extension of m, to BA(G) given by the same formula, M, is the transposed of m,, and a, is the restriction of M, to Cf(G). It follows from the proof of Proposition 1.2 that (a,)* = mi.
Thus so in fact all four norms are equal to 11 cp 11 M A ( G ) .
Let T be a bounded linear map from a C*-algebra A into a C*-algebra B, and let in :Mn(C)+ M, (C) denote the identity map of the n X n complex matrices. Recall that the map T is called completely bounded if
The number 11 T 11 cB will be called the complete bounded norm of T.
Definition.
A multiplier cp of A(G) will be called completely bounded if M,: %(G) + 3n(G) is a completely bounded map. The space of completely bounded multipliers will be denoted MoA(G). It is easily seen that MoA(G) is a Banach space with norm
We will give a characterisation of completely bounded multipliers of A(G) within the framework of Fourier algebras of locally compact groups (cf. Theorem 1.6 below). In the proof we shall need the following lemma. If p X lKE MA(G X K ) , M P X l K is a a-weakly continuous operator on X ( G ) @ m ( K ) and for x E G and y E K. Since {AG(x)Ix E G ) (resp. {XK(y)Iy E K ) ) is a-weakly total in m ( G ) (resp. W K ) ) it follows by a two-step argument that By restricting M P x to each of the components of the direct sum decomposition we see that for all n E N, Hence M , is completely bounded. This proves (1). Note that This inequality combined with the inequality (for any locally compact group H ) proves the last statement of the theorem.
1.7. Remark. In Theorem 1.6 the group K = SU(2) can be exchanged with any locally compact group K ' for which 3n(K1) is not the direct sum of finitely many homogeneous type I algebras of degree d < 00.
Indeed, for such K', M,(C) can be embedded as a (possibly non-unital) sub-algebra of 3n(Kf) for any n E N, and that is sufficient to complete the proof of (3) (1).
(i) For any locally compact group G, B(G) is contained in MoA(G) and for any cp E B(G)
(ii) If G is amenable, then and the three corresponding norms coincide.
(iii) If G and Hare locally compact groups, and
Hence (1) follows from Theorem 1.6.
(ii) It is well known that when G is amenable then MA(G) = B(G) with the same norm. Hence (ii) follows from (i).
(iii) Put again K = SU(2). By Theorem 1.6 cpl X lHX 1, and l GX p2 X lKboth belong to MA(G X H X K ) . Hence their product cpl X cp2 X lKis also contained in MA(G X H X K ). Using again Theorem 1.6 we conclude that cpl X cp2 E MoA(G X H).
1.9. LEMMA. The unit balls of MA(G) and
Proof. Let (pi) be a net in the unit ball of MA(G) that converges to a function cp E Lm(G) in the a(Lm, ~' ) -t o~o l o~~.
Hence also 11 h(cpf) 11 5 11 h(f )11 . By the proof of Proposition 1.2 (3) * (4) it follows that for any rl/ E Bx(G),cp$ is locally almost everywhere equal to a function in Bx(G). In particular cp is locally almost everywhere equal to a continuous function cp' on G. Hence by Proposition 1. In [8] Cowling proved that any coefficient of a uniformly bounded representation of G is a multiplier of the Fourier algebra. We give below a slightly simplified proof of this fact. Moreover we show that the coefficients are in fact completely bounded multipliers of A ( G ) .
LEMMA. Let n be a strongly continuous uniformly bounded representation of a locally compact group G on a Hilbert space X , and let h be the left regular representation of G on L~( G ) .
Then We can identify X 8L2(G)and L2(G, X ) . Define w E B(L~(G, X)) by (w4-)(x)= n(x)t(x),
4-€L2(G, X ) .
Clearly w has bounded inverse w-' given by and moreover 11 w 11 = 11 w -'1 1 = 11 n 11. For 4-E L2(G, X ) and x, y E G:
This completes the proof.
THEOREM (see [8,Corollary 1.2.21).
Let n be a strongly continuous uniformly bounded representation of a locally compact group G on a Hilbert space X . Then for .$,7 E X , the coefficient is a completely bounded multiplier of A(G), and Proof. Let $ EA(G)and put j/(x) = $(xP'). We can choose f , g , E L~( G ) , such that j/ = f *g, and V Ilf 11 2 1lg 11 2 = II $ II = II $ II A ( G ) .
A~G )
Let w E B(X 8L~( G ) ) be as in Lemma 2.1 and put F: 
Hence
Consider now an arbitrary locally compact group H, and define ii:
Thus, by the first part of the proof, cp X lHE MA(G X H)and Hence, by Theorem 1.6, cp E MoA(G) and 11 cp I\M~A(G) 5 11 n 11 11 11 11 7 11 . Assume ( 2 ) ,and consider the sesquilinear map V :
We will show that V is separately continuous. For fixed 7 E X, the map Therefore n1 extends to a bounded representation irl of C*(G) on X. Clearly irl is non-degenerate, and since n is cyclic, so is Tr1. Hence by [18, Theorem 1.71 there exists an invertible operator T E B(X), such that is a self-adjoint representation of C*(G). Put
Then p is a strongly continuous representation of G on X, and
Since 11 (f) 11 11 f 11 C*(G) 5 11 f 11 for all f E L'(G), it follows that 11 p(x) 11 I1 for all x E G. (Use an approximate unit for G). Hence p is a unitary representation. This completes the proof of (1) * (2).
2.4 Remark. If G is a separable connected locally compact group, then the condition that .~r is cyclic can be omitted, because in this case CYG) is a nuclear C*-algebra (cf. [4] and [7, Corollary 6 .7~1) and for nuclear C*-algebras the similarity problem is solved also for non cyclic representations (cf. [3, Theorem 3.51 and [6, Theorem 4.11). We do not know whether the condition "n cyclic" can always be omitted. In fact this problem is equivalent to the similarity problem for C*-algebras. To see this, consider a unital C*-algebra A. Since A * = span(A 7 ), it follows easily that the restriction of any cp E A* to the group G = U(A) of unitary operators (with discrete topology) is contained in B(G) = span P(G). Hence, if Theorem 2.3 is valid without the condition " T cyclic" every bounded representation of A is similar to a representation p for which p(u) is unitary for all u E U(A). This clearly implies that p is a self-adjoint representation of A.
Theorem 2.3 can be applied in particular to those connected semisimple Lie groups that admit uniformly bounded representations obtained by "analytic continuation" of some series of unitary representations in the sense of Kunze and Stein (cf. [20] ). Specifically we mention: Proof. For all the groups listed above irreducible uniformly bounded representations which are not similar to unitary representations have been shown to exist (cf. [12] , [20] , [21] , [22] , [25] , [35] , [2] ), and every irreducible representation is cyclic.
2.6 COROLLARY. If G is a locally compact group for which G / H is isomorphic to one of the groups listed in Corolla y 2.5 for some closed normal subgroup H of G then MoA(G)\B(G) # 0.
Proof. If a is a cyclic, uniformly bounded representation of G / H which is not similar to any unitary representation, then the composition of a with the quotient map G + G / H is a uniformly bounded representation with the same properties.
Remark 2.7. After the present work was essentially completed, we received a copy of Cowling's work [9] in which analytic continuations of the principal series of SU(n, I), Sp(n, I), n 2 2 are constructed (cf. [9, Section 71). Hence, also for these groups MoA(G)\B(G) # 0. SOo(n, 1) . Let n be a natural number, n 2 2. Following standard notation SO(n, 1) is the group of real (n + 1) X (n + 1)-matrices with determinant one, which leave the quadratic form invariant, and SOo(n, 1) is the connected component of the identity in SO(n, 1). The group SOo(n, 1) is not amenable, because it is a non-compact connected simple Lie group (cf. [16, Theorem 3.3.21). We give below a brief survey of the representation theory for SOo(n, I), which is needed in this section. Details can be found in [31] for the unitary representations and in [25] , [35] and [2] for the analytic continuation of the principal series.
Approximate units of the Fourier algebras of
3.1 Spherical functions on SOo(n, 1). In the following we put G = SOo(n, 1) and we let K be the maximal compact subgroup of G consisting of all matrices of the form where k E SO(n). A function cp on G is called a spherical function on G (with respect to K ) if cp is continuous, cp # 0, and where dk is the normalized Haar measure on K. Since G is a simple Lie group of real rank one, the spherical functions are indexed by a single complex parameters. Given s E C, we let cp, denote the spherical function which in Takahashi's notation [31] The cyclic representations of G associated with the positive definite spherical functions are irreducible. They are called class one representations, because the Hilbert spaces of these representations admit a non-zero K-fixed vector, which is unique up to scalar multiples. The representations associated with pi,, t E R (resp. cp,, -(n -1)/2 < a < (n -1)/2, a # 0) are called the class one principal series (resp. the class one complementary series). The values s = +(n -1)/2 correspond to the trivial representation since cp, = 1 in these two cases. 
Thus the integral is well-defined. Moreover, cPf is continuous, because the integral makes sense in the Banach space C(S) for every compact subset S of G.
From [31] we know that the representations (.rrit)tSO in the class one principal series of G are weakly contained in the regular representation, and that the Plancherel measure on the corresponding part of the spectrum is absolutely continuous with respect to the Lebesgue measure on G. Therefore the direct integral representation We are now able to prove the main result of this section:
3.7 THEOREM. Let G = SOo(n, I), n r 2. Then there exists a sequence ($k)kEN in the Fourier algebra A(G), such that In particular 11 pa,, I( + (1 cp,)I for m m. for all $ E A(G).
By 3.l(iv) and (v), it follows that cp, 1 uniformly on compact subsets
Using an unpublished result due to Nielson [27] reported in the appendix (Section 5) of this paper, we have for all 1C/ EA(G). Combining (*), (**), and (***) it follows, that the identity operator on A(G) belongs to the strong closure of the set Thus by the separability of A(G), there exists a sequence (lC/k)kEN in A(G) with the properties stated in the theorem.
3.8 Remark. a) Theorem 3.7 is also valid for any group G which is an extension of SOo(n, 1) by a finite group, the proof being virtually the same. In particular it is valid for the groups SL(2, R), SL(2, C)and SL(2, H) which are Z2-extensions of SOo(n, I), n = 2, 3, 5.
b) It would be interesting to know whether Theorem 3.7 can be extended to all locally compact groups. The methods used in the proof of Theorem 3.7 cannot be applied to SL(n, R), n r 3 or any other simple Lie group G of real rank greater than or equal to two, because for such groups the trivial representation is isolated in the spectrum of uniformly bounded representations of G on Hilbert spaces (cf. [17] ). The recent results of Cowling [18, Section 71 concerning uniformly bounded representations of SU(n, 1) andSp(n, I), n r 2, makes it reasonable to conjecture that Theorem 3.7 can be extended to all simple Lie groups of real rank one.
As a corollary of Theorem 3. 
Thus
Since {X(x) J x E G } spans a norm-dense subspace of Cf(G), this completes the proof. It has been pointed out to us by Archbold that Corollary 3.11 solves the problem whether all C*-algebras with the slice map property (Property S) are nuclear in the negative: [I] group on N generators, 2 I N I m (N countable) is a non-nuclear C*-algebra which has the slice map property. However, the proofs work equally well if one only assumes the existence of a net (T,) of finite rank operators on A, such that sup 11 T, 11 CB < m and 11 T,a -a 11 + 0. Indeed, using Lemma 1.5(a) this implies that for any C*-algebra B there exists a net of operators (Fa) on the spatial tensor product A 8B, such that
(ii) sup 11 f, 11 < 03 (iii) lim, 11 f,c -c 11 = 0 vc E A QB and this is sufficient to conclude that A has the slice map property by the arguments given in the proof of [33, Theorem 4.31 or [34, Proposition 101.
3.13 Remark. The Corollaries 3.9-3.12 are also valid for free groups on uncountably many generators if one uses nets instead of sequences in the formulations of Corollary 3.9 and Corollary 3.11. This can be shown by a direct limit argument as in the proof of [17, Theorem 1.81.
Positive multipliers of Fourier algebras.
Recall that a linear map T from a C*-algebra A to a C*-algebra B is called positive if and n-positive for some n E N, if T Q i, is positive. Here i, denotes the identity map on the n X n-matrices over C. Finally T is called completely positive if T is n-positive for all n E N (see for instance [29] , [30] ).
4.1 Definition. We say that a multiplier cp of A(G) is positive (resp. n-positive, resp. completely positive), if the transposition of the map is a positive (resp. n-positive, resp. completely positive) operator on the von Neumann algebra %(G) = A(G)*.
The completely positive multipliers of A(G) are simply the positive definite functions (see Proposition 4.2 below). However, the structure of positive and n-positive multipliers turns out to be much more complicated. (1) cp is a n-positive multiplier of A(G). (2) . . * , f n , g19 -9gn EK(G): 
This shows that (p E P(G).
In the following we will prove, that when G = F N ,the free group on N generators, then for each n E N , A ( G )has an unbounded approximate unit consisting of n-positive multipliers of A(G).We shall follow the notation of [17] . For s E G , 1s 1 denotes the length of the reduced word for s. 11 cp 11 MA(G) = cp(e). Assume that also 11 cp 11 M~A ( G )= cp(e), and let M, be the transposed of m,. Let i, be the identity on the n X n-matrices. Then Vn E N:
and(M,@in)(l@l) = cp(e)(l@ 1). Hence by [ l l , Corollary 11 M,@i, is positive for all n E N. However by Proposition 4.2, M, is not completely positive. This gives a contradiction.
5.
Appendix. We present here the proof of an unpublished result due to Nielson. The result was needed in the proof of Theorem 3.7.
5.1 PROPOSITION. [27, Lemma 10.31. Let G be a locally compact group, let cp E P(G) and let be a net in P(G) that converges to cp uniformly on compact sets. Then Proof. Note that cp;(e) -+ cp(e), so we can assume that {cpi(e)} is bounded. Since P(G) n K(G) spans a dense subset of A(G) and since it is sufficient to show, that for all rC/ E P(G) n K(G). Let $ E P(G) n K(G) and put x = cp$, xi = pi$. Note that xi, x E P(G) and that the supports of xi and x are all contained in the compact set This completes the proof.
5.2 Remark. Nielson was interested in the above result because it gives a direct proof of the fact, that the Fourier algebra of an amenable group has a bounded approximate unit (cf. [24] ). Indeed this statement follows immediately from [16, Theorem 3.5.21 and Proposition 5.1.
